LAMINAR JET IN "NARROW'" SLOT AT LARGE REYNOLDS NUMBERS

V. E. Nakoryakov and I. N. Yaichnikova UDC 532.516.5:519.67:532.529.3

In view of the complexity of spatial, significantly three-dimensional problems, it ap-—
pears justified to switch froma three-dimensional to two-dimensional mathematical model of the
flow. The reduction of the three dimensional initial-boundary value problem for the Stokes
system to successive two-dimensional problems were discussed in [1].

The study of the dynamics of viscous fluid at low and moderate Reynolds numbers is
mainly related to internal flows: channel flows with plane parallel walls with sudden ex-
pansion in channel cross-section, propagation of viscous jets in space heated by the same
fluid, and also problems with heat convection. It is known [2] that the general steady-state,
nonlinear Navier—Stokes equations have at least one laminar solution at any Reynolds number
if, for each isolated component Sk of the boundary S in region § filled with fluid, the fol-
lowing condition is satisfied:

Sjk VndS = 0.

For a finite region and low Reynolds numbers the solution to the problem is unmique and stable.
Hence it is of great interest to study the case of high Reynolds numbers when the flow is still
laminar.

Consider an incompressible, viscous jet between two plane parallel plates with the ap-
proximation [3] when the distance between them (2h) ismuch smaller than the basic dimensions
(I and §) of the problem; for the "narrow" jet h could be comparable to §.

Approximate solution to the Navier—Stokes equation is written in the form

I:L = um(xs Y. t)f(Z/h), v = vm(xv Y, t)f(Z/h)v
w = wp(z, ¥, )9(/h), p = pml®, ¥, 3 1),

in the steady-state case 3u/3t = 0; then

u= um(xa y)j(zlh)’ v = vm(x'l y)f(Z/h),

(1)
w= wm(xv y)o(z/h), P = Pmlz, ¥, 2),

where f and ¢ are functions of the distance between plates. The solution to Navier—Stokes
equations is expressed in the form of parabolic distribution of Poiseuille flow. In turbulent
flow the velocity profile could have the exponential relation

u = um(Z/h)Uka' v = Vm(Z/h)i/kv w = wne(z/h), p = pu(z, ¥, 2).

The integration of the Navier—Stokes equations is carried out along the vertical coor-
dinate z with constant intervals from —h to h according to the relations

h

R h
1 1
(uy = 5 5h udz, (V)= ivdz, (w)y = 513 j;wdz.

Cartesian coordinates are used with the origin at the center between the two plates,
x and y axes are in the plane parallel to the plates, and the axis z is perpendicular to the
latter (Fig. 1).

We have the system

) 2 a =h L 0 19pn¢ >l‘+v(-‘il2h<u>]+£[2h<u>l+ Iy )
L 12 ut) + 5o 12k uod] + [wlmn = — 5 5; 2R <P o o 152 =n
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212k ) + 5 2k (o] + [whZ2R =0,

After the substitution of profiles (1) in integrals for the steady-state flow we get the
following system of equations of motion and continuity:

. 2 2

aum aum 15 ap 5 uy,  Ou, 15v

a:c + Um 9y~ 8poz z" az® + ay® 4R2 ms

vy, O, 15 ép 5 02vm azvm 15v

UmGz T UnGy = gay VT \F T o) TR
2 (3)
dwy, «  Gwy, 2 =h 15 1 =h 9w 8wy, =h
Um—- + Um wr + wn @ (@R)EZin = — ‘——[ li=<n + —-—-ax;" + s 7 + Wn | = q’ (Z/h)
aum

. + — + W [ (/R)= = 0.

Assuming 3w,/dx = 0, dwy/dy = 0 and thecondltion for the function wy(x, y) = comst, it
is possible to put

wm =0, w = wup(z/h) =0, p = pn(z, y). (4)
The system of equations (3) with condition (4) takes the form
R AL E S L a*“ Fum L)' 151" ¥
Um 20 o 5 8 T Rep\ 52 ' 9% &2 a? Reg
e ¥mL _ _15p0°L , 5 (82 TR 5L U

mazo mayo 5 8 0y° S 4Re; \ 5,92 ayoz &2 4h2 Re!f (5
g, L vl
5 T =Y

U = ulV, v = WV, z= ;c"L, y=y%, p=pp'= EpV2p®

Here, E = p1/0V2 is the Euler number; Rey, = LV/v is the Reynolds number; (L?/n?, L2/8%, L/S)
are internal geometrical simplexes. If the jet is '"marrow," § «L and § is of the same order
as h, then it is possible to assume that the following system of equations is correct within
the boundary-layer approximations:

Fiiyy Bty 150p , 5 w5y
Unp — U —— = — ==L 4 = —
mGr Ty oz T L Vg Tt (6)
ap 2u Ouy,  Ovpy, —0
dy p2 Ums Tz oy

In the region of intermediate asymptotes, when h < § « L, the boundary-layer phenomenon
as a region of large gradients in functions occurs within narrow zones near the parts of the
boundary where there is a difference between the number of boundary conditioms in the basic
system of equatlons and the 51ngu1ar problem (when the small parameter is zero), and in our
case this term is (5v/4)3%ug/3y”.
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The method of integral relations along with approximate methods [4] using polynomial
approximation for shear stress and approximation for pressure were used to complete jet char-
acteristics. The shear stress profile in the jet is given in the form of a polynomial

. :
T= DAY =4, + Ay + AP,
i=1 v
whose coefficients are determined from boundary conditions at the jet axis y =0 and at its
boundaries. In view of symmetry we have
“[’:0 fOI y——_—O’AIIO;
T = 0 fOI y == 6, A2.: _‘A36’
then
. T = Ay + Azy* = Ay(y — Y*/08) = As8(n — m?), n = y/8. (7
The expression (7) for the shear stresses profile makes it possible to close the problem
and determine the velocity profile in the jet:

0um‘ A25 9 )
Dm 220 ). 8
= ) (8)

4

After integrating (8), when the .constant of integration ¢ is found from conditions on the
axis uy = uyyy at y = 0, we have

A
(e~ tmm) = 2 8 (30 — 20°), =5~ (9

At the jet boundary y = 8, n = 1, and the velocity up = 0. From (9) we find that when n = 1
the polynomial coefficient

64
Az*“‘gg'umm- (10)
Simultaneous solution of Eqs. (9) and (10) gives the velocity profile

F(n)=%(i—3n2+2n3)- : an

The coefficient A; may be determined from the equations of motion and Eq. (10) in the
form

A] = — 6y 4 AU - 3dp T
[_b—i ]v=o o Az - —6_5- Umm = 5 PUmm dzx 2dz |y=p e
which leads to an expression for the pressure gradient
dp _ 8 lym 2 1
T Jymo = 15 Yonm g+ 2mm (5 57 ) (12)

Pressure p is approximated by the following conditions on the jet axis: p = py at y = 0,
3p/dy = 0 at y = 0, since vpy = 0. At the jet boundary p = p; when y = §, where p1 = const,
Consider the polynomial

3 .
p= 2 Bviy(i—l) = By + Byy® + Byy?,
i=1

whose coefficients are determined according to the given conditions. Then

P = Ppm + (pr — PmI? m = y/8 (13)
with ‘
By = pm, B3 = (p1 — pw)/8?, B, = 0.
Using the equation for nondimensional velocity profile (11) and Eq. (13) for pressure
we integrate the first of the basic equations of motion (6) across the jet from the axis of
the free jet to the outer boundary, from y = 0 to y = 8, taking into consideration that the

transverse velocity vy = 0 on the jet axis. The first integral relation is obtained in the
form

15 5
%—i‘%[lﬁfnm‘s]:‘“?-}}'[ummé] +7$':7[6(P1_Pm)]- (14)
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Multiplying the terms of the first of Eqs. (6) by up and integrating across the jet along v,
we have the second integral relation

2 9 . ) w48
43 9 39 v o1 o Vlémm 43 (Py — Pm mm . . (15)
755 5 [uhmd] = — g o [ubnd] — —5™ + g5 Summ ——5— + 7y g (P = Pm)

The first integral relation for the second equation in the given system (6) is written
in the form
au,

w 7 U dé 2
(Pl—Pm)zﬁ‘yT’Z’l’m‘*‘?aummzx—?-’ (16)

The system of Egs. (12), (14)-(16) is solved simultaneously. After the substitution of
relations for the pressure difference (p1 -- py) and the derivative of pressure difference
d(py — pp)/dx in the first and second-order integral relations (15) and (14) obtained from
the first equation of motion and after carrying out a few simple transformations, we get a
system of two ordinary first—order differential equations

ro=g=5+V(5) -5

(17
Mg d5 4 411 v2800 | 150v )
“dr . Umm T S 1T 8217 1712
7-49-400v%RE - u2, h*20 -1 49.150v%8° 30 O,zé 352
where A = e ; b= 8 Ll%—tmé This system leads to the solution of
7-709vh 1,0 21-7096
nonlinear differential equations with given initial conditions, i.e., to a Cauchy problem.
. . d du . ) . .
Taking the relation me :=_é§£€g- into account, the system (17) is expressed in the form
T

QU Umm 111, ¥2800  150v
a 5 AT U7 (8) | 1Tk (8) (18)

F(o) =45+ l/(:}) _B.

There are stable numerical methods with high-order approximations [3] to solve the Cauchy
problem.

The equation for pressure differences (p1 — py) is transformed to the following form
using the second equation of the system (17) ‘
7095 a5, wv 105 | wv 355

17

7on2 W g T a0 e

N (P1~— Pm) = —

With an accuracy up to the constant p; = const the pressure at the jet axis could be
computed using this equation along with Eqs. (17) and (18). 1Tt is possible to compute the
gradient of pressure differences (12) on the jet axis in a similar manner.

Transverse similarity profiles are shown in Figs. 2-4. Curves 1; 1, 2; and 1-3 corre-
spond, respectively, to Re = upm2h/v = 130; 300; and 3300.

Figure 5 shows results computed with four-step, fourth-order, explicit Runge—Kutta
scheme for streamwise velocity profiles on the axis of the free jet that expands downstream
(curves 1, 3, and 5).

V. D. Zhak carried out experiments at the laboratory of the Institute of Technical Phys-
ics, Siberian Branch of the Academy of Sciences of the USSR, on a model with characteristic
dimensions [Lyx = 340 mm, Ly = 200 mm, 2h = 1.25 mm, slot width a = 6 mm, nozzle length Lg =
80 mm (see Fig. 1)] to measure velocity profiles.in a hot jet. Similarity in the measure-
ments of transverse velocity profiles (see Figs. 2-4) along the coordinate axes upm/upp (upm
is the nozzle exit velocity) and along the abscissa y' = y/q is well established, and in par-
ticular, at nondimensional x' = x/L, respectively, for Re = 130; 300; and 3300, x' = 1.7
(point I), x' = 6.7 (point II), and x' = 1.5 (point III).

The theoretical transverse similarity profile is determined in coordinates F(n), n =
y/8. For streamwise similarity profiles near the origin of the coordinate system we observe
an asymptotic increase in velocity profile (u' » = as x' = 0).
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At certain distance from the origin, increasing with Reynolds number, the similarity is
confirmed by experimental data (Fig. 5, where curves 1, 2, and point I correspond to Re =
1303 3, 4 and point II correspond to Re = 300; 5, 6 and point III correspond to Re = 3300).

A streamwise velocity profile for plane hot jet issuing from a narrow slot into an un-—
bounded region {1] is also shown in Fig. 5 (curves 2, 4, and 6).

For a laminar, plane jet, unbounded along the axis z, Schlichting and Bickley [3] ob-
tained the following velocity distribution:

s = 0.4543(K*/va)M3 (1 — theg),
= 0.5503(Kv/22)Y3(2E(] — th®E) — thE),
- = 0.2752(K )3yl x5,

where K = J/p is the kinematic jet momentum; J is the momentum flux, which is prescribed con~
stant for the given jet and proportional to excess pressure under which the jet issues out of
the slot.

The approximate computation based on Egs. (12), (16), and integral relations (14), (15),
gives a sufficiently good agreement with the experiment. The plane, two-dimensional unbounded
jet issues more rapidly from the origin, according to the streamwise profile (see Fig. 5),
than the jet compressed between plates.

There are actually two zones: the rapid and the slow issue of 'thin" fluid jet.

V
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